This manuscript presents an extended finite element method (XFEM) approach to capture the interactions between fibers in short fiber reinforced composites. Short fiber inclusions are incorporated into the XFEM framework as deformable elastic zero measure objects. Two separate enrichment functions are employed to account for both the presence of fibers within the composite domain and to idealize the progressive debonding along fiber matrix interfaces.
Introduction
This manuscript presents an extended finite element method (XFEM) approach to capture the interactions between fibers in short fiber reinforced composites. The interactions due to fiber inclusion and fiber-matrix debonding enrichments of multiple fibers are investigated.
The proposed approach enables problems with significant concentration of fiber enrichment by placing multiple fibers within the same element. This approach improves the computational tractability of the XFEM framework compared to implementations in which an element is restricted to contain enrichments from a single fiber.
Short fiber composite materials are frequently used in practice due to favorable mechanical properties, including elastic modulus, load carrying capacity, flexural strength and flexural toughness (see e.g., [1, 2] for examples for cementitious materials). Besides the superior mechanical properties, short fiber reinforcement introduces functional properties ranging from crack control, electromagnetic field shielding and self sensing (e.g. [3, 4, 5, 6, 7] ).
Micromechanical modeling based on Eshelby's solution of ellipsoidal inclusions combined with the Mori-Tanaka scheme [8, 9, 10] , Hashin-Strichman bounds [11] and the use of representative volume elements (RVEs) [12, 13, 14] are typically used to model the material properties of short fiber reinforced composites. While the micromechanics based effective medium approaches have proven successful, modeling progressive failure along interfaces is challenging. On the other hand, numerical analysis of RVEs using direct discretization of the microstructure is useful for analysis of microstructures with dilute concentrations of inclusions [15, 16, 17, 18, 19] , but is computationally not feasible in the presence of many, high aspect ratio fibers. The domain discretization must utilize small elements to accurately resolve the fiber response, in addition to ensuring mesh compatibility between the fibers and the matrix.
An alternative approach is applying the XFEM principles to model the behavior of fiberreinforced composites. XFEM provides an approximation basis enrichment strategy that eliminates the need to discretize the individual fibers and ensures mesh compatibility between the fibers and matrix phase. The XFEM approach enriches the standard finite element basis with nodal enrichment functions capable of representing inhomogeneities and discontinuities within the problem domain without explicitly representing them through meshing [20, 21, 22] . To retain the local character of the base finite element formulation, the partition of unity principle [23] is employed. With the partition of unity principle, the original form of the enrichment function, which is known a-priori to represent the local behavior accurately, is recovered.
XFEM has been widely employed to model strong (e.g., cracks) and weak discontinuities (e.g., inclusions) [24, 25, 26, 27, 28] .
The performance of short fiber reinforced composites are significantly affected by interface properties. Cohesive zone modeling has been the traditional approach to idealize progressive debonding along inclusion interfaces. Zero-thickness elements between solid elements that discretize the neighboring domains describe the separation between two surfaces and relate surface tractions to the displacement jumps through a softening constitutive equation (i.e., a cohesive law). Various cohesive laws for cohesive zone modeling of fiber reinforced composites are discussed in [29, 30, 31] , among others. Methods to model cohesive behavior using XFEM have been previously utilized for crack growth (see e.g. [32, 33] ). XFEM and cohesive zone modeling has also been introduced by Zi and Belytschko [34] for a formulation of crack tip elements for cohesive cracks and for partially cracked XFEM elements with cohesive cracks by Asferg et al. [35] .
Capturing the mechanical behavior of high density, high aspect ratio fiber reinforced composites in a computationally efficient way requires that the underlying XFEM formulation accommodates the presence of many fibers that are close to each other. A way to alleviate numerical problems that arise from the presence of multiple enrichment functions within the same finite element is local mesh refinement. Within the XFEM framework, the discretization around enrichments are made fine enough that multiple enrichments do not occur within the same element [36] . Other XFEM approaches have been proposed to capture the effect of multiple cracks in the same element, including intersecting cracks and crack growth [37, 38] . The integration of elements with multiple cracks is achieved by splitting up the element domain into sections and using higher order integration [39, 40] . Hiriyur et al. [41] , proposed a method to account for multiple inclusions in the same element domain by introducing additional degrees of freedom for each inclusion enrichment, removing the need to finely discretize the domain around neighboring inclusions.
Embedment methods for fibers in reinforced composites have also been proposed to eliminate the need to discretize individual fibers. Two and three dimensional models have been developed for embedded fibers that include the modeling of fiber slip in the domain by adding additional degrees of freedom [42, 43, 44, 45] . Fiber composite modeling using the partition of unity method was proposed by Radtke et al. [46, 47] , where high aspect ratio fibers were modeled as zero measure elastic inclusions for idealizing fiber reinforced composite behavior, eliminating the need to discretize individual fibers. To account for the strong discontinuity present due to tangential debonding at the fiber-matrix interface a Heaviside enrichment function was used. Tangential slip was modeled with a non-linear cohesive law while the normal fiber-matrix interface separation was suppressed. The present manuscript improves on this approach, by considering progressive interfacial separation in both normal and tangential directions. Similar in principles to the XFEM modeling, other methods to embed discontinuities have been proposed (e.g., [48, 49, 50] ). Fish and coworkers proposed a mathematical homogenization based approach to include weak discontinuities in a heterogeneous domain [51] , and employed the s-version finite element method to embed strong discontinuities in a finite element mesh [52] .
Pike and Oskay [53] proposed an XFEM model for rigid short fibers in an elastic domain for random fiber composite materials. A progressive failure model for random short fiber reinforced composite materials for elastic deformable fiber inclusions has been previously proposed in Ref. [54] . This investigation restricted element enrichments to a single fiber (including both fiber and debonding enrichments) but did not study the effects of enriching elements to account for multiple closely positioned and interacting fibers.
In this manuscript, we present the formulation and implementation of an XFEM based enrichment coupling model to capture the interactions between short fibers in composites.
In a 2-D setting, elements in the domain are permitted to contain multiple fiber inclusions, where the inclusions are modeled as elastic objects of zero measure. Inclusion and debonding enrichment functions are introduced to model the elastic fiber inclusions and the progressive normal and tangential debonding of the fiber in the matrix. Using this process, the debonding relationship is modeled using cohesive laws. Numerical integration procedures are provided for accurate evaluation of the system response for randomly positioned fibers, including multiple fibers that occupy the same element. Fiber configurations where multiple fibers occupy the same element are numerically investigated using the proposed XFEM model and are assessed against the direct finite element method. With the ability to account for multiple zero measure inclusions within the same element in the domain, the fiber volume fraction percentage in a RVE can be increased without a proportional increase in number of elements in the XFEM domain. The key features of the current formulation therefore include: (1) Presence of multiple zero measure inclusions within the same element in XFEM; and (2) Enrichment functions that account for traction-separation behavior and the strain discontinuity at fiber-matrix interfaces.
The remainder of this manuscript is organized as follows. In Section 2, the XFEM method is discussed, and the enrichment functions employed to model the presence of the inclusions and the progressive debonding process are introduced. Section 3 provides the governing equations and model formulation. The computational formulation is discussed in Section 4, including the formulation of fiber deformation and cohesive tractions, numerical integration and the treatment of partially enriched elements. Numerical verification studies to assess the performance of the proposed approach and enrichment interactions are presented in Section 5. Conclusions and future research directions in this area are discussed in Section 6.
XFEM for Multiple Fibers in an Element
Modeling short fiber reinforced composites with very high aspect ratios (Fig. 1a) through direct resolution of the fiber geometry using the finite element method is impracticable, particularly (a) (b) Figure 1 : (a) Domain and XFEM discretization of the short fiber reinforced composite medium; and (b) short fiber reinforced cement composite [55] .
when a large number of fibers is present. In this manuscript, we employ XFEM to eliminate the need to conform the discretization to the individual fibers. The XFEM is employed to describe the presence of the fiber inclusions and to idealize the fiber-matrix debonding process.
In an XFEM domain with random short fibers (Fig. 1a) , the fibers often lie in the same elements in a uniform grid domain. The random dispersion of numerous fibers is typical for a short fiber reinforced composite (Fig. 1b) . A domain with multiple fibers in elements can be eliminated by sufficiently refining the mesh to ensure no two fibers are in the same element.
To avoid remeshing of the domain, we seek to account for the interaction behavior of multiple fibers in the same element in XFEM.
Modeling the presence of inclusions and discontinuities in an otherwise uniform domain is utilized by enrichment functions in XFEM. The partition of unity method (PUM), formalized by Babuska and Melenk [23] , is the foundation of how to incorporate the enrichment function into the finite element framework. In PUM, the enrichment is computed as the product of the enrichment function and the standard shape functions that satisfy the partition of unity property for the enrichment. The enrichment functions are known a-priori and represent the response well around inclusions or a crack.
We consider the following discretization of the displacement field for a domain reinforced by one or multiple short fiber inclusions:
where, u denotes the displacement field; x and t are the space and time coordinates, respec-tively; n n the total number of mesh nodes in the finite element discretization; n is the number of fibers, n α en is the number of enriched nodes for fiber α; N a , the standard finite element shape function associated with node a;û a ,ĉ bα andd cα the nodal coefficients of the standard, fiber enrichment and debonding enrichments for each fiber α, respectively; I α is the index set of enriched nodes for fiber α; I α a ∈ I α the index of an enriched node, a; the fiber enrichment function and the debonding enrichment function are different for each fiber, α, denoted as ψ α and Υ α , respectively.
The standard finite element approximation of the response field corresponds to the first right hand side term in Eq. 1. The second term represents the presence of the fiber within the domain, accounting for the strain discontinuity in the approximation space and is a function of the fiber enrichment, ψ α . The displacement jump due to the progressive loss of the cohesive bond between the fiber and the matrix is represented in the third term and is a function of the debonding enrichment function, Υ α . In elements with multiple fibers, approximation of both the fiber strain and debonding discontinuities are captured for each fiber individually.
Therefore, there is separate set of nodal coefficients for each fiber enrichment.
Fiber enrichment function
The enrichment functions for the fiber enrichment and debonding enrichment for the high aspect ratio short fiber inclusions have been previously proposed by the authors [53, 54] and are briefly discussed here.
The reinforcing fiber is taken to be straight with a high aspect ratio and is entirely embedded in the open bounded domain of the composite body, Ω, where Ω ⊂ R 2 . The domain of the fiber is therefore approximated as a line segment.
The level set associated with the domain of the fiber, φ c (x), is expressed as:
φ c divides the domain of the body along the plane of the fiber with positive values on each side and has zero value along the fiber. The tips of a fiber are identified using:
φ λ provides the zero level set along the plane normal to the fiber passing through the fiber tip. φ λ is positive on one side of the domain cut by the zero level set, and negative elsewhere within the composite body. P (x) is the projection of x onto the fiber, x λ is the position of the fiber tip, and t λ denotes the tangent at the fiber tip, λ (i.e., t 1 = (x 1 − x 2 ) /l and t 2 = (x 2 − x 1 ) /l = −t 1 ); and l = x 2 − x 1 is the length of the fiber. and (b) debonding enrichment function. [54] Using the level set functions from Eqs. 2 and 3, the enrichment function for the fiber is expressed as:
where, H denotes the Heaviside function; and d λ (x) = x − x λ denotes the distance to the fiber tip.
The enrichment function is illustrated in Fig. 2a . Enrichment functions with similar Vshaped enrichments have been employed in inclusion problems (e.g., [56] ), with the exception of the treatment of the tip conditions. The inclusion of ψ α (x) in the discretization of the displacement field incorporates a strain discontinuity mode along the fiber position and the displacements around the fiber can therefore be accurately captured without explicitly discretizing the fiber domain. The form of Eq. 4 for the enrichment function ensures that the approximation basis captures the strain discontinuity but stays smooth otherwise around the sides and tips of the fiber. Except for the domain of the fiber, the enrichment function is nonzero everywhere in the composite domain. We consider the enrichment around a small domain around the fiber and employ standard finite element shape functions in the remainder of the problem domain.
Debonding enrichment function
The debonding enrichment function Υ α , is defined using the fiber domain and tip level set functions, similar to the fiber enrichment function. In contrast to the fiber enrichment, the debonding enrichment function introduces a discontinuity in the displacement field.
To mimic the shape of the fiber-matrix debonding, the shape of the debonding enrichment function is governed by the discontinuity function, φ p :
in which, s(x) is the position along the length of the fiber, where −1 ≤ s ≤ 1 and θ is the slope of the discontinuity at the tips of the fiber. φ p is taken to be a fourth order polynomial, where the polynomial is constrained with the following assumptions: (1) The ends of the fiber are taken to remain fully attached to the matrix; (2) Maximum debonding occurs at the center of the fiber; and (3) The function is normalized such that the maximum value is unity at the center of the fiber.
The slope of the discontinuity at the tips of the fiber, θ, controls the shape of the discontinuity function:
The discontinuity curve displays inflection points, when θ is less than a threshold value (i.e., θ th ), occurring along the length of the fiber at positions that depend on the value of θ.
The discontinuity curve is convex above the threshold value, in which the threshold value for the chosen function form (Eq. 5) is θ th = 58 • . In the numerical verification studies provided in this manuscript, the shape parameter is set to θ = 81 • .
The debonding enrichment function for the fiber is then expressed in terms of the discontinuity functions, φ λ (x) and φ c (x) as:
where r = ±φ c is the signed distance function. Fig. 2b illustrates a three dimensional visualization of the debonding enrichment function.
The choice for the shape of the fiber-matrix debonding (i.e., the enrichment function) is based on observations from numerous evaluations of direct finite element simulations of a short fiber inclusion subjected to remote tensile stress. This enrichment is employed to capture debonding along both normal and tangential directions. Interfacial damage in directions normal and tangential to fibers has been observed experimentally in fiber reinforced concrete composites [29] . In this manuscript, we investigate the effect of presence of nearby fibers on fiber-matrix debonding, which leads to complex traction patterns along the fiber-matrix interface. The proposed parabolic and symmetric enrichment function used in the context of XFEM have the ability to capture asymmetric and complex debonding patterns as demonstrated below.
Governing Equations and Model Formulation
The mechanical equilibrium within the domain for a composite with randomly oriented short fibers is expressed as:
and;
where, σ is the stress tensor; ∇(·) the divergence operator; and denotes the strain tensor. The strain is taken to be the symmetric gradient of the displacement field ( = ∇ s u). L denotes the tensor of elastic moduli, taken to be symmetric and positive definite. All fibers, as well as the matrix, are assumed to remain elastic under the applied loading and only quasi-static response is considered.
The exterior boundary conditions are expressed as:
in which,ũ andt are the prescribed boundary displacements and tractions defined on boundaries Γ u and Γ t , respectively, such that Γ u ∩ Γ t = ∅ and ∂Ω = Γ u ∪ Γ t . The domains of fiber α, and the matrix are denoted as Ω α and Ω m , respectively. Fibers are taken to be fully embedded in the matrix and do not intersect with exterior boundaries or with each other (i.e., Ω = Ω m ∪ n α=1 Ω α ), but are able to neighbor closely to each other. The traction continuity across the fiber-matrix interface is given as:
in which the traction T , is a function of the normal and tangential tractions (T = T (T n , T t );
n is the outward unit vector to a boundary; and J·K is the jump operator. Γ α denotes the interface between the fiber, α and the matrix.
The physical deterioration occurring at the interface is represented by the cohesive zone law describing the relationship between surface traction and separation. A bilinear cohesive law is considered in this study. The uncoupled normal and tangential tractions are expressed as:
in which, Ju n K and Ju t K are the components of the displacement jump vector (i.e., separation)
along the normal and tangential directions, respectively; d n and d t the normal and tangential cohesive characteristic separation lengths, respectively; σ max and τ max denote the ultimate normal and tangential tractions, respectively; d crit n and d crit t are the maximum normal and tangential displacement jumps, respectively. This manuscript focuses on cases, where the composite is subjected to tensile loading. In cases of compression or shear loading, it is necessary to explicitly impose the impenetrability condition (i.e., Ju n K ≥ 0) in the cohesive law as well.
In a two dimensional domain, consider a matrix reinforced by n straight fibers, with length and the thickness of a fiber, α, denoted as l α and t α , respectively, at an angle, θ α from the horizontal (α = 1, 2, . . . , n), where the fibers are randomly distributed within the domain. In this manuscript, the fiber aspect ratios are taken to be small (i.e., t α /l α 1). Using the standard procedure, the weak form of Eqs. 8-12 is expressed as follows:
where, δu denotes the test function; and δ the gradient of the test function.
The stress that develops in the fiber is axial, due to the assumption that high aspect ratio fibers that are embedded in the domain are assumed to have uniform tractions along the fiber.
This assumption is verified using direct finite element simulations where the fiber is resolved with highly resolved meshes. No significant shear stress or bending moment develops within the domain of the fiber. The axial stress is expressed as:
where the second term in Eq. 15 becomes:
where, δ α f = δ : t α ⊗ t α . The axial stress in fiber α, is taken to be proportional to the axial strain (i.e., σ α f = E f α f ), where E f is the elastic modulus of the fiber. Upon complete debonding between the fiber and the matrix, bending of the fiber may also develop. This deformation mode is not accounted for in the current manuscript.
Under the condition that aspect ratios of the fibers are very high, we assume that tractions along the two opposing faces of a fiber in the thickness direction are uniform:
where the fiber domain is Ω α , and the fiber normal and tangent vectors are, n α and t α , respectively. Debonding along the two faces of a fiber would typically occur concurrently for a short fiber embedded in a matrix under the traction conditions. However, the fiber-matrix debonding is likely to initiate at a weak spot at one side of the fiber. Upon complete debonding at the weak side, the tractions along the opposing (unbonded) side relax. In this manuscript,
we assume the tips of the fiber remain attached to the matrix. The third term in Eq. 15 models the progressive debonding process between the fiber and the matrix. The internal boundary term then reduces to:
In the limit where fiber aspect ratios tend to infinity, the weak form of the governing equations is expressed as:
The domain of the matrix is taken to occupy the entire domain, since the domains of the fibers are computed are vanishingly small. Therefore, the limits of the integral of the first term in Eq. 15 is set to Ω. The proposed formulation and implementation is limited to 2-D. While the general ideas remain relevant for the 3-D case, the 3-D implementation poses non-trivial challenges, and beyond the scope of this manuscript.
Computational Formulation and Implementation
We employ the extended finite element method to discretize and evaluate the governing equations in Eqs. 8-12, and Eqs. 15-20. Matrix notation is employed in the formulations for convenience. The weak form of the governing equation (Eq. 20) is written in the matrix form as:
in which, the superscript T indicates transpose.
Using the Bubnov-Galerkin approach, the discretization of the displacement field follows Eq. 1 and the discretization of the test function uses the same shape functions as the trial function. The first term in Eq. 21 at the element level integral becomes:
where, n e is the total number of elements discretizing the domain; and Ω e is the domain of the element, e. The nodal coefficient vectors of the trial and test functions in element e, are U e and V e , respectively, are expressed as:
in which, a semicolon implies that the construction forms a column vector.
The standard fiber enrichment and the jump enrichment degrees of freedom correspond to the three components of the nodal coefficient vectors, respectively, and are expressed as: 
where,û e a ,ĉ e a andd e a are the vectors of unknown coefficients for standard and enriched degrees of freedom at element, e and node a; and n e n and n e en are the number of standard and enriched nodes within element, e, respectively. The components of V e are similarly defined.
The size ofĉ e andd e vectors may differ for each element, and depends on the number of fiber enrichments included in the element as well as whether the enrichment for each fiber is full or partial as described below.
The gradient vector B e , in Eq. 22 is expressed as: (25) in which, the gradient terms are:
where, differentiation is indicated by a subscript followed by a comma. The first term in Eq. 21
is then written in the matrix form as: (27) in which, the internal force component is obtained by assembling the corresponding element matrices:
U and V are obtained by assembling the corresponding element vectors.
The external force contribution from Eq. 21 is formulated by decomposing the boundary integral into its elemental components:
The external force vector is obtained through the assembly of the elemental contributions:
I t denotes the index set of elements along the traction boundary, Γ t ; Γ e t denotes the part of the traction boundary approximated by element e; and where the force vector is defined as: 
where, the components of the element force vector are expressed as:
The deformation of the fibers are accounted for in the third term in Eq. 21. The fiber components that lie in enriched elements are expressed in the integral term as:
in which, n α e denotes the number of fully enriched elements that contains a part of the fiber, α. The fiber is assumed to deform uniformly within each element, which leads to:
TKαs eû e
where, x αe 1 and x αe 2 are defined as the entry and exit positions of the fiber on the enriched element, respectively. The fiber entry and exit positions are on the element edges, when the fiber crosses the domain of the element. If the domain of the fiber ends within the element, the end position of the fiber segment coincides with the fiber tip. The length of the fiber segment that lies within the element is denoted as l αe = ||x αe 2 − x αe 1 ||. t α is the tangent vector on the fiber domain.
The enrichment functions vanish on the domain of the fiber and therefore the stiffness matrix is nonzero only for the standard degrees of freedom:
The contribution can be computed using the standard assembly operation:
The internal contribution from the second term in Eq. 21 then becomes:
The progressive debonding between the fiber and the matrix is accounted for in the fourth component of Eq. 21. The progressive debonding is expressed in terms of the jump enrichment degrees of freedom. For an arbitrary fiber, α:
in which, shape functions for the jump enrichments are included in P α . A force vector contribution is assembled from the debonding enrichment terms (i.e., V T f α int,3 (U)):
where the internal force contribution is only due to the jump degrees of freedom. A system of nonlinear equations from equilibrium of the three internal force and external force contributions is expressed in the form of:
where,
The Newton-Raphson method is used to incrementally evaluate the nonlinear system in Eq. 41. 
Numerical integration
The numerical integration of enriched elements differs for various element types depending on the configuration of the inclusions that lie within them. In XFEM, the extent of the subdomain around an inclusion that is enriched is chosen either based on the geometry or the discretization. For modeling cracks, a geometry-based approach is considered, typically using specified a radius around the crack tip. The stress fields around the crack tip vary as a function of the distance from the tip. In this study, the enrichment domain is chosen based on the discretization since the enrichments functions accurately represent the local behavior around the inclusion.
The domain consists of four different element types as illustrated in The integration rules for the various element types are as follows:
1. Far field elements: Elements have no enrichment. Since no additional functions are employed, the element integration is performed using the standard quadrature rules.
2. Partially enriched elements: Some nodes include enrichment from one or multiple fiber inclusions but no intra-element strain or displacement discontinuity exists. Standard integration is employed. Higher order integration rules could increase the accuracy, but
are not employed for efficiency.
3. Fully enriched elements that contain one or multiple fiber inclusions: The elements take into consideration the amount and location of the fiber inclusions rather than integrating 
Effect of mesh refinement on numerical integration
When modeling multiple fibers in close proximity, mesh refinement has a significant effect on numerical integration. The change in numerical integration in turn effects the mesh convergence studies as described below and lead to non-monotone convergence. increasing mesh density. In Fig. 5a , a single element encompasses both fibers. When the element size is reduced as in Fig. 5b , two elements are intersected by both fibers, whereas the two other elements are intersected by a single fiber. Figure 5c displays the same fibers when the element size is further decreased. In this case, there are no elements intersected by more than a single fiber. The integration rules for the three cases are quite different from each other and potentially leads to non-monotone convergence.
Treatment of partially enriched elements
In elements that are partially enriched (i.e. elements that have some nodes that are enriched but not all of the nodes), partition of unity no longer holds and the affine transformations (e.g. constant strain modes) cannot be represented exactly. The treatment of these partially enriched elements affect the accuracy and convergence of XFEM models and modified enrichment functions using ramp functions that have local support within the partially enriched element were introduced by Fries [58] . In this manuscript, we apply modified enrichment functions to all nodes of the partially enriched element.
Partially enriched elements could have contributions from a single fiber, or from multiple fibers. When partial enrichment from multiple fibers is present, elements from each fiber are separately considered, similar to the treatment of fully enriched elements when multiple fibers are present in an element. For each fiber, α, the modified enrichment functions,ψ α (x) and Υ α (x), in the partially enriched finite element are denoted as: 
in which, all pertinent variables are defined in the partially enriched element are indicated by the superscript, e.
Numerical Examples
In this section, we present numerical examples to demonstrate the performance of the proposed 
Elastic response of multiple fiber inclusions
The proposed formulation is verified against the finite element method for an elastic response using a series of simulations of a matrix enriched with two fibers. Four fiber configuration cases were investigated. Each case consists of a domain with two fiber inclusions that have portions of each fiber in close proximity to each other, but they do not touch or overlap. In all cases, the fibers were placed such that there were elements that contained both fibers, for all mesh sizes studied.
The schematic representation of the model problem is shown in Fig. 6a 
Response of multiple fiber inclusions with progressive debonding
In this section, the four cases discussed in Section 5.1 for the elastic response are modeled with progressive debonding to capture the effect of the fiber-matrix interfacial separations.
The proposed XFEM model is verified against the direct finite element method. The model domain, boundary conditions, matrix properties and fiber properties are taken to be the same as in Section 5.1. To model the progressive debonding at the fiber-matrix interfaces, a bilinear cohesive zone law (defined in Eq. 13 and Eq. 14) is employed for both the XFEM and the reference simulations. The peak normal traction and normal cohesive characteristic separation length are set to 8 MPa and 0.01591 mm, respectively. The peak shear traction and shear cohesive characteristic separation length are 1.8 MPa and 0.01141 mm, respectively. The maximum cohesive separation length is taken as 0.08 mm under pure normal and pure shear loading [59, 60] . The reference model utilizes 1 µm wide cohesive zone elements that lay along the interface between the fiber and the matrix.
The absolute point-wise displacement error of the proposed model with respect to the reference simulations is shown in Fig. 8 . The displacement errors are computed for the same locations of interest in the previous section (points A1, A2, B1, B2, C and D), as well as the displacement jump between the matrix and fiber at each fiber center point.
In Figure 8a , case 1 is shown when the fiber-matrix interfaces have initiated the progressive debonding process but have not reached peak cohesive traction. There is a general trend toward convergence but with some variation at the smallest mesh sizes. The largest error occurred at the right tip of the first fiber, but was approximately 2.5% at the smallest mesh size. Points C and D have the lowest error, with both being under 0.1% for all mesh sizes. The errors of the displacement jumps at the center of both fibers were under 0.5% for all mesh sizes. Case 2 is shown in Fig. 8b , at the point of full fiber-matrix separation. At the point of full separation, the fiber and the matrix are completely debonded from each other at one side of the fiber and the interfacial tractions vanish. Similar to case 1, there is a trend of towards convergence with a slight variation at the smallest mesh sizes. All errors were at or below 2%. The center jump of fiber 1 produced the highest error at all mesh sizes, but monotonically converged.
The absolute point-wise errors are shown for case 3 and 4 in Fig. 8c and Fig. 8d , respectively.
In case 3, the progressive debonding process has been initiated but has not reached peak cohesive traction. The left fiber tip and center jump of fiber 1 have larger errors than the rest of the points studied, but both have reasonable errors at the smallest mesh size. In case 4, the progressive debonding is past the point of peak cohesive traction but has not fully separated. In this case, there is variation in the monotonic convergence, but the point-wise error remained below 6% at each point for all mesh sizes, except for the right tip of fiber 1.
The largest errors occurred in the right tips of fiber 1 and fiber 2, which both lie in the same doubly-enriched element. In all four cases studied with multiple fibers, there was not smooth monotonic convergence as observed in the purely elastic models, but general convergence with variation and mesh stability were observed for many of the cases. For all cases, reasonable errors were obtained at the smallest element size.
The magnitude of the displacement jumps associated with the fiber-matrix interfacial debonding along each fiber length for each case is plotted in Figs. 9-13 . The proposed XFEM In case 1 (Fig. 9) , fiber 1 and fiber 2 exhibit approximately the same displacement jump curve in both shape and magnitude. All mesh sizes for case 1 show a reasonably accurate displacement jump profile with mesh stability. A slight kink is observed in the fiber 2 curve near the right end of the fiber, which becomes smoother and converges to the reference simulation as the mesh is refined. The deviation may be attributed to fiber 1 being located between fiber 2 and the applied load. When one fiber "blocks" another fiber from the applied load, the fiber may exhibit an irregular pattern of debonding. This phenomenon is more prominent in case 2 and case 3, in which each fiber is of different length and has a unique embedment angle. Figure 10 displays the displacement jumps for case 2. Fiber 1, which is above fiber 2, shows a parabolic displacement jump profile, with all four XFEM mesh sizes displaying high accuracy. Fiber 2, which is below fiber 1, shows an irregular displacement jump profile, which is due to having part of fiber 1 directly in front of it. The proposed XFEM model accurately captures the irregular displacement jump profile along the fiber length for all mesh sizes, with the smallest mesh most accurately representing the displacement jump. Figure 11 displays the displacement jumps for case 3. Similar to case 2, fiber 1 shows a parabolic displacement jump profile and fiber 2 shows an irregular displacement jump profile, which the proposed XFEM model accurately represents. There is a reduction of the maximum displacement jump and convergence with the increase of mesh density observed in this case. Fig. 12 shows the deformed shape of the cohesive zone elements in the respective reference simulation for case 3, from which the displacement jump profile was obtained (deformation is significantly amplified for visualization purposes). Case 4 is shown in Fig. 13 , with both fiber 1 and fiber 2 having roughly parabolic curves, with a slight asymmetry at the right end of each fiber, where the tips meet. Both displacement jump profile curves converged to the shape of the reference simulation as the mesh size was refined.
The lack of monotonic error convergence observed in Fig. 8 merits further discussion.
Convergence issues in XFEM can be attributed to a variety of reasons including, but not limited to, the choice of enrichment functions, numerical integration, and partially enriched blending elements [61] . In this study, the lack of monotonic error convergence can be attributed to the limitation of the fiber-matrix debonding enrichment function in representing true debonding profile, as well as the way the enriched element domains (and hence the integration accuracy as discussed above) change as the mesh is refined. In case 1, the right tips of fiber 1 and fiber 2 are in the same element at element lengths of h=0.125 and 0.0625 mm, but in different elements at meshes of higher resolution. Thus with a coarse mesh, fiber tip error is computed from a doubly enriched fiber tip element, whereas at fine meshes, the fiber tip error is computed from a tip-enriched element that is partially enriched by the other fiber. In each case, as the mesh is refined, the location of the inclusion with respect to the element edges changes. The spatial alignment of inclusions within an element influences the Delaunay triangulation of the element, which can introduce inconsistencies in the element integration as the size of the element domain changes. 3 Gauss points were used for the integration of each triangular subdomain for the results shown here for the proposed XFEM models. Several simulations were conducted using 6
Gauss points per subdomain but computational cost increased significantly while the measured errors did not improve significantly. Overall, the proposed XFEM model with progressive fibermatrix interfacial debonding provided an accurate representation of the displacement jump curves obtained from the reference simulations and was capable of predicting the displacement jumps for a variety of scenarios in which fibers were arbitrarily placed in close proximity to each other and contained elements with multiple enrichments. Absolute point-wise error was higher than the purely elastic case, but reasonable mesh stability was observed and errors remain within an acceptable range for each case at a sufficiently fine mesh. an order of magnitude compared to the reference simulation.
Progressive debonding interactions of four fiber inclusions
We investigate the performance of the proposed XFEM model for the progressive debonding response for a four fiber inclusion case when the inclusions are in close proximity of each other, but not touch or overlap. The fibers are placed, such that various elements in the domain may contain up to three fiber inclusions, for all mesh sizes studied. The model domain, boundary conditions, matrix properties and fiber properties are taken to be the same as in Section 5.1.
The cohesive law used for the progressive debonding at the fiber-matrix interfaces is the same used in Section 5.2.
The case consisting of four fiber inclusions, contains fibers which are in close proximity to each other as illustrated in Fig. 14 . Fiber 1 is located in the center of the domain between three other fibers, with a length of 2.34 mm and an angle of 38 degrees measured counterclockwise from the horizontal. Fiber 2 is measured at a length of 0.9 mm and an angle of -54 degrees. The displacement jump profile for fiber 1, illustrated in Fig. 15a , exhibits an irregular jump profile. The irregular displacement jump profile is due to the having part of fiber 2 in front of it, as well as the tips from fibers 3 and 4 on the left side of the fiber domain. The peak displacement jump occurs at the midpoint of the fiber. Figure 15b displays an asymmetric displacement jump profile jump of fiber 2, with the peak occurring left of the fiber midpoint.
Fibers 3 and 4 display a parabolic shaped displacement jump profile represented in Fig. 15c and Fig. 15d , respectively. Each of the fiber displacement jump profiles exhibited mesh convergence with the decrease in mesh size.
Progressive debonding of a dense fiber domain
In this section, investigation of a dense fiber domain is performed with the proposed XFEM model for the progressive debonding response. 50 fibers are randomly placed in a 10 mm by 10mm domain with the fibers having a mean length of 1.3 mm (± 0.2 mm), as displayed in Fig. 16 . With the random dispersion of fibers, multiple elements have multiple fiber enrichments in them. The mesh size is h=1 mm in this example. The boundary conditions, matrix properties and fiber properties are taken to be the same as in Section 5.1. The cohesive law used for the progressive debonding at the fiber-matrix interfaces is the same used in Section 5.2.
The displacement jumps between the fiber and the matrix for each of the fibers are summarized in Fig. 17 . Important advancements to the proposed model are under development. The debonding enrichment function proposed in this manuscript assumes no debonding at the fibers tips. In reality, this is not the case and fiber end slip will be considered in future work to account for this deformation. The distribution of the fibers can also be studied to understand the effect of placement within the domain. This manuscript provided the formulation and implementation details for two-dimensional problems only. The proposed formulation is being extended to three dimensions, which provides many significant challenges particularly in the computational implementation as well as modeling the progressive debonding between fibers modeled as objects of zero measure in the three dimensional matrix. Our near term research efforts will focus on extending the proposed modeling approach to three dimensions.
